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A relativistic formalism to compute quasi-equilibrium configurations
of non-synchronized neutron star binaries
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A general relativistic version of the Euler equation for perfect fluid hydrodynamics is applied to
a system of two neutron stars orbiting each other. In the quasi-equilibrium phase of the evolution
of this system, a first integral of motion can be derived for certain velocity fields of the neutron star
fluid including the (academic) case of co-rotation with respect to the orbital motion (synchronized
binaries) and the realistic case of counter-rotation with respect to the orbital motion. The velocity
field leading to this latter configuration can be computed by solving three-dimensional vector and
scalar Poisson equations.
PACS number(s): 04.25.Dm, 04.30.Db, 04.40.Dg, 95.30.Sf, 97.60.Jd
I. INTRODUCTION
Considerable efforts by many groups in the world are currently devoted to the computation of the gravitational
radiation from binary neutron star coalescences (see e.g. [1] or [2] for recent reviews). These phenomena constitute
one of the most promising sources of gravitational radiation for the interferometric detectors GEO600, LIGO and
VIRGO currently under construction [3,4]. Basically two different approaches are used to tackle this problem:
A1 high-order Post-Newtonian analytical calculations in the point-mass limit for the two coalescing objects (see [2]
for a review);
A2 hydrodynamical numerical simulations which treat the neutron stars as perfect fluid balls. In this latter category,
different methods, based on different approximations, can be distinguished:
A2a Newtonian affine approximations which consist in modeling the stars by triaxial ellipsoids, thereby reducing
the dynamical degrees of freedom of a star to a finite number and leading to ordinary differential equations
for the evolution, instead of partial differential equations [5–8];
A2b Post-Newtonian affine approximations, at the 1-PN order [9–11] or at the 2-PN order [12];
A2c Newtonian hydrodynamical simulations, either based on finite difference methods [13–17] or on the Smooth
Particles Hydrodynamical (SPH) method [18–21] (see ref. [17] for a comparison of various codes);
A2d Post-Newtonian (at the order 1-PN) hydrodynamical simulations with a finite difference method [22,23];
A2e fully relativistic hydrodynamical simulations within the 3+1 formalism of general relativity and using the
approximation of a conformally flat spatial 3-metric along with no gravitational field dynamics [24–28] (see
also [29]).
The analytical Post-Newtonian approach (A1) allows to compute the evolution of the binary system from an
arbitrary early stage, when the separation between the two components is large, up to the rapid inspiral phase driven
by the rapid loss of orbital energy by gravitational radiation. This approach breaks down when finite size effects
(tidal forces, disruption of one of the stars) become important, i.e. during the coalescence phase. This final stage can
be studied only by means of the numerical hydrodynamical methods (A2). But in this case one faces the problem of
the initial conditions. Indeed, due to the limitation of computer resources, the initial conditions cannot be set when
the separation between the two stars is much larger than their radii: this would require a prohibitive number of time
steps for the evolution codes: the time to coalescence increases with the fourth power of the initial separation a0
between the two objects. In practice, all the fully hydrodynamical computations listed in (A2) have been performed
with a0 set to at most a few times the stellar radius R: a0 ≃ 5R in ref. [21], a0 ≃ 4R in refs. [18], [19], a0 ≃ 3R in
refs. [14], [15], [17], a0 = 2R (!) in ref. [22]. For the calculations employing the affine approximation instead of the
full hydrodynamics, the initial separation is taken to be somewhat larger: a0 ≃ 5R in ref. [9], a0 ≃ 15R in ref. [12].
Now at such small separations, two effects are important: (i) tidal forces, i.e. the influence of the gravitational field
of star 1 (resp. 2) on the internal structure of star 2 (resp. 1), and (ii) general relativity.
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Tidal effects have not been taken into account in the computation of the initial conditions of most of the fully
hydrodynamical studies listed in (A2), the only exceptions being the works by Nakamura & Oohara [13], Rasio &
Shapiro [20] and Baumgarte et al. [26–28], all in the case of synchronized binaries, i.e. when the stars have zero spin
in the frame co-moving with the two centres of mass. However this rotation state is unrealistic. Indeed it can be
seen [5,30] that the neutron star matter shear viscosity is too small and the binary evolution too rapid to lead to a
synchronization of the spin periods with the orbital period1. In other words, the inspiral of the binary system can
be described in terms of perfect fluids and, in first approximation, all the forces acting on the fluid are gradients of
some scalar potentials (gravitational force, gravitational radiation reaction force)2, so that Kelvin’s theorem applies:
the circulation of the fluid velocity (with respect to some inertial frame) on any closed contour comoving with the
star (e.g. the stellar equator) is conserved. For each star, the circulation around the equator is roughly C ≃ 2Aω
where A is the area of the equatorial cross section of the star and ω its mean angular velocity with respect to some
inertial frame R: ω = Ωorb + Ωspin where Ωorb is the angular orbital velocity of the system with respect to R and
Ωspin is the rotation angular velocity of the star with respect to the co-orbiting frame. Since the variation of A is
small during the evolution to the coalescence, the conservation of C is equivalent to the conservation of ω. When the
separation is large Ωorb is negligible and ω is equal to the rotation rate of the star. When the separation is that of
the initial conditions of the numerical computations (A2) (a ∼ 50 km) Ωorb ∼ 2 × 10
3 rad s−1, which is much larger
than ω, except for neutron stars rotating initially at millisecond periods. Consequently, one must have
Ωspin = −Ωorb . (1)
in order to have a constant circulation. We call configurations obeying (1) counter-rotating configurations. They
represent realistic initial conditions for neutron star binary coalescence.
Some of the fully hydrodynamical calculations listed in (A2) employ (1) as initial conditions [14,15,21]. But
none of them take into account the tidal effects: the stars are taken to be either spherical [15,21] or axisymmetric
[14] (as mentioned above, the only computations with self-consistent initial conditions concerns synchronized binaries
[13,20,26–28], for which Ωspin = 0). To date, the only self-consistent initial conditions obeying (1) have been computed
by Bonazzola & Marck [32]. As can be seen in Fig. 3 of ref. [32], the tidal deformation is quite important when the
separation is a0 ≃ 3R. However, these initial conditions have not been employed in evolution calculations.
It must be noticed that some of the studies performed in the affine approximation (A2a) make use of self-consistent
counter-rotating initial conditions. They correspond to irrotational Darwin-Riemann ellipsoids [6,8] or (in the ap-
proximation of a large separation) irrotational Roche-Riemann ellipsoids [5].
As regards general relativistic effects, the often used Newtonian approximation [items (A2a) and (A2c)] is very
crude, in particular for the neutron star internal structure: let us recall that for a typical 1.4M⊙ neutron star,
the central value of the metric coefficient g00 is around 0.4, which shows that even a (first order) Post-Newtonian
approximation is not sufficient for describing these objects.
The purpose of the present article is to give a method for computing self-consistent (i.e. including the tidal and
rotational distortion) and realistic (i.e. obeying (1)) initial conditions for binary neutron stars in the framework of
the full general relativity. Therefore, this work can be conceived as the extension to general relativity of Bonazzola &
Marck results [32].
The envisaged problem can be decomposed in two parts: (i) the computation of the gravitational field (i.e. the
spacetime metric) generated by the two stars and their motion and (ii) the computation of the stellar structure
(density distribution, velocity field,...) in that gravitational field. Part (i) is the main topic of numerical relativity and
can be, at least in principle, be achieved by means of the classical 3+1 formalism (see e.g. [33] and [34]). This paper
focuses on the determination of the stellar structure. For this purpose, we consider that in the vicinity of the searched
initial conditions, the system evolves along a sequence of equilibrium states. We obtain a first integral of motion for
certain classes of velocity field inside the neutron stars, including the co-rotating and the (realistic) counter-rotating
cases.
The plan of the paper is as follows. Sect. II translates the basic assumption of quasi-equilibrium in geometrical
terms (a spacetime symmetry) which leads to the definition of a privileged observer (the “co-orbiting” observer). The
(relativistic) Euler equation for the fluid velocity is then derived in the frame of that observer (Sect. III). Necessary
1As shown by Kochanek [5], this conclusion remains valid even if one takes into account the much higher effective viscosity
arising when the neutron star’s solid crust enters the plastic flow regime.
2this is not true for the so-called “gravitomagnetic” force; this latter induces some circulation of the fluid, as studied recently
by Shapiro [31]. However this effect is important only for neutron star - black hole binaries, with a maximally rotating black
hole.
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and sufficient conditions to get a first integral of the Euler equation are given in Sect. IV. This first integral is trivially
obtained in the (unrealistic) case of co-rotating stars. The astrophysically relevant case of counter-rotating stars is
presented in Sect. V. A method of resolution is discussed in Sect. VI.
II. SPACETIME SYMMETRY AND CHOICE OF COORDINATES
A. Quasi-equilibrium hypothesis
When the separation between the centres of the two neutron stars is about 50 km (in harmonic coordinates) the time
variation of the orbital period, P˙orb, computed at the 2-PN order by means of the formulas established by Blanchet et
al. [35] is about 2%. The evolution at this stage can thus be still considered as a sequence of equilibrium configurations.
Moreover the orbits are expected to be circular (vanishing eccentricity), as a consequence of the gravitational radiation
reaction [36]. In terms of the spacetime geometry, we translate these assumptions by demanding that there exists a
Killing vector field lα which is expressible as
lα = kα +Ωorbm
α , (2)
where Ωorb is a constant, to be identified with the orbital angular velocity with respect to a distant inertial observer,
and kα and mα are two vector fields with the following properties. kα is timelike at least far from the binary
and is normalized so that far from the star it coincides with the 4-velocity of inertial observers. mα is spacelike,
has closed orbits, is zero on a two dimensional timelike surface, called the rotation axis, and is normalized so that
∇µ(mρm
ρ)∇µ(mσm
σ)/(4mνm
ν) tends to 1 on the rotation axis [this latter condition ensures that the parameter
φ associated with mα along its trajectories by mα = (∂/∂φ)α has the standard 2π periodicity]. Let us call lα the
helicoidal Killing vector. We assume that lα is a symmetry generator not only for the spacetime metric gαβ but also
for all the matter fields. In particular, lα is tangent to the world tubes representing the surface of each star, hence its
qualification of helicoidal (cf. Figure 1).
The approximation suggested above amounts to neglect outgoing gravitational radiation. For non-axisymmetric
systems — as binaries are — it is well known that imposing lα as an exact Killing vector leads to a spacetime which
is not asymptotically flat [37]. Thus, in solving for the gravitational field equations, a certain approximation has to
be devised in order to avoid the divergence of some metric coefficients at infinity. For instance such an approximation
could be the Wilson & Mathews scheme [38] that amounts to solve only for the Hamiltonian and momentum constraint
equations. This approximation has been used in all the fully relativistic studies to date [24–28] and is consistent with
the existence of the helicoidal Killing vector field (2). Note also that since the gravitational radiation reaction shows
up only at the 2.5-PN order, the helicoidal symmetry is exact up to the 2-PN order.
B. 3+1 Foliation of spacetime
For the considered problem, two types of coordinates can be envisaged: “non-rotating” coordinates (t, xi) which
are Minkowskian at infinity, so that kα is the first vector of the natural basis corresponding to these coordinates and
“co-rotating” coordinates (t′, xi
′
) so that lα is the first vector of their natural basis. There is a lot of ways to do this.
We choose both coordinate systems so that the hypersurfaces t = const and t′ = const coincides and are maximal
spacelike hypersurfaces. More precisely, we suppose that there exists a slicing of spacetime by a family of spacelike
hypersurfaces (Σt) so that (i) each Σt is spacelike and (ii) m
α is tangent to Σt.
1. Non-rotating coordinates
On each Σt, we choose a system of Cartesian coordinates x
i = (x, y, z), such that (t, xi) is a system of spacetime
coordinates satisfying to
kα =
(
∂
∂t
)α
(3)
mα = −y
(
∂
∂x
)α
+ x
(
∂
∂y
)α
. (4)
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The lapse function N and shift vector Nα associated with these coordinates are defined by
kα = Nnα −Nα and nµN
µ = 0 , (5)
where nα is the future directed unit 4-vector normal to the hypersurface Σt.
2. Rotating coordinates
We call rotating coordinates any coordinate system xi
′
on Σt such that (t
′ = t, xi
′
) is a spacetime coordinate system
satisfying to
lα =
(
∂
∂t′
)α
. (6)
In other words, the lines xi
′
= const are the trajectories of lα. This latter being a Killing vector, this means that
t′ is an ignorable coordinate for such systems. In numerical studies, we will use these types of coordinates to reduce
the a priori 4-D problem to a 3-D one. In practice, three rotating coordinate systems can be used: one centered on
each star, to describe properly the hydrodynamics, and a third one centered on the rotation axis, to describe the
gravitational field. The lapse function and shift vector associated with rotating coordinates are immediately deduced
from Eqs. (2) and (5) which result in
lα = Nnα −Bα , (7)
with
Bα := Nα − Ωorbm
α . (8)
Since mα is parallel to Σt, B
α is indeed the shift associated with rotating coordinates (cf. Figure 1). Note that
rotating and non-rotating coordinates have the same lapse N for they define the same spacetime foliation.
The Killing equation ∇αlβ+∇βlα = 0, once projected onto Σt, leads to the following relation between the extrinsic
curvature tensor Kαβ of the hypersurfaces Σt and the derivatives of the shift vector B
α:
2NKαβ = −∇αBβ −∇βBα − 2nαnβn
µ∇µN (9)
or, equivalently,
2NKαβ = −∇ˆαBβ − ∇ˆβBα , (10)
where ∇ˆα stands for the covariant derivative associated with the 3-metric hαβ induced by gαβ onto the hypersurfaces
Σt. Note that Kαβ is linked to the covariant derivative of n
α by the formula
∇βnα = −Kαβ − ∇ˆα(lnN)nβ . (11)
In the following an extensive use is made of this relation, without explicitly mention it.
C. The co-orbiting observer
Let us call the co-orbiting observer the observer O whose world lines coincide with the trajectories of the symmetry
group when these latter are timelike, which encompasses the region occupied by the two stars. O’s 4-velocity vα can
be written:
vα = e−Φ lα , (12)
where Φ is a scalar field which is uniquely specified by the normalization relation vµv
µ = −1. It can be seen easily
that Φ is related to the lapse N , the shift vectors Bα and Nα, the azimuthal vector mα and the orbital angular
velocity Ωorb by
e2Φ = N2 −BµB
µ = N2 − Ω2orbmµm
µ + 2ΩorbmµN
µ −NµN
µ . (13)
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Let qαβ be the projector onto the 3-planes Π orthogonal to v
α:
qαβ := gαβ + vα vβ . (14)
The kinematics of the observer O is entirely specified by the Ehlers decomposition [39] of the covariant (with respect
to gαβ) derivative of v
α:
∇βvα = ωαβ + θαβ − aαvβ , (15)
where
ωαβ := q
µ
α q
ν
β ∇[ν vµ] (16)
is the rotation 2-form of O,
θαβ := q
µ
α q
ν
β ∇(ν vµ) (17)
is the expansion tensor of O and
aα := v
µ∇µvα (18)
is the 4-acceleration of O. The property (12), namely that vα is collinear to a Killing vector, means that vα is an
isometric flow [39] and leads to
θαβ = 0 (19)
and
aα = ∇αΦ . (20)
Equation (19) shows that vα is a rigid flow.
The three-dimensional vector space Π represents the local rest frame of O. Note that since O is rotating (ωαβ 6= 0,
see below), Π is not integrable into global 3-surfaces. qαβ is the (positive definite) metric tensor induced by gαβ on
Π. We can introduce the alternating tensor within Π as
ǫ¯αβγ := v
µǫµαβγ , (21)
where ǫαβγδ is the spacetime alternating tensor associated with the spacetime metric gαβ . The rotation 2-form of O
is fully specified by its dual within Π: ωαβ = −ω
µǫ¯µαβ , where
ωα := −
1
2
ǫ¯αµνωµν =
1
2
ǫ¯αµν∇µvν . (22)
Note that the Raychaudhuri identity for the flow vα reduces to a simple relation between the norm of ωα and the
Laplacian of Φ:
ωµω
µ = −∇µ∇
µΦ+
1
2
Rµνv
µvν , (23)
where Rαβ is the Ricci tensor of the metric gαβ.
By means of Eqs. (12), (7), (8) and the Killing identity ∇αlβ +∇βlα = 0, the rotation vector (22) can be expressed
as
ωα =
e−Φ
2
ǫ¯αµν [Ωorb∇µmν −∇µNν + 2(Ωorbmµ −Nµ)∇ν lnN ] . (24)
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III. RELATIVISTIC EULER EQUATION IN THE ROTATING FRAME
A. Fluid motion
As stated in the introduction, the matter constituting the neutron stars can be considered as a perfect fluid, so
that its stress-energy tensor writes
Tαβ = (e+ p)uαuβ + p gαβ . (25)
The fluid 4-velocity uα can be decomposed orthogonally with respect to the rotating observer O as follows:
uα = Γ(V α + vα) , (26)
where Γ is the Lorentz factor
Γ := −vµu
µ , (27)
and V α is the fluid 3-velocity with respect to O:
V α :=
1
Γ
qαµu
µ . (28)
V α belongs to Π and is the fluid velocity as measured by the observer O (i.e. with respect to O’s proper time). As
an immediate consequence of uµu
µ = −1, one has the usual relation between Γ and V α:
Γ = (1− VµV
µ)−1/2 . (29)
To a very good approximation the (cold) neutron star matter equation of state (hereafter EOS) can be considered
as barotropic: e = e(n) and p = p(n) where n is the proper baryon density. It is then worth to introduce the logarithm
of the ratio of enthalpy per baryon and the baryon mean rest mass mB by
H := ln
(
e+ p
mBn
)
, (30)
which we call the log-enthalpy, to re-express (∇αp)/(e + p) as a gradient of a scalar: indeed, by virtue of the First
Law of Thermodynamics, the following identity holds for any barotropic EOS:
∇αp
e + p
= ∇αH . (31)
Then the fundamental energy-momentum conservation equation
∇µT
µα = 0 (32)
can easily be shown to be equivalent to the system of the following two equations
∇µ(nu
µ) = 0 (33)
uµ∇µu
α +∇αH + uµ∇µH u
α = 0 . (34)
Note that Eq. (34) is nothing but the uniformly canonical equation of motion for a single-constituent perfect fluid as
given by Carter [40].
B. Baryon number conservation
Inserting Eq. (26) into the baryon number conservation equation (33) and using the fact that vα is divergence-free
[Eq. (19)] leads to
∇µV
µ + V µ∇µ ln(nΓ) = 0 . (35)
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C. Momentum conservation
By projecting Eq. (34) onto vα (i.e. along the world lines of the co-orbiting observer O), one obtains the relation
V µ∇µ (H +Φ+ lnΓ) = 0 , (36)
which can be considered as a relativistic generalization of the classical Bernouilli theorem, for it means that the
quantity H +Φ + lnΓ is constant along the fluid lines.
By projecting Eq. (34) perpendicularly to vα (i.e. onto the local rest frame of the co-orbiting observer O), one
obtains the relativistic version of the Euler equation for the fluid velocity with respect to O :
V µ∇µV
α + 2ǫ¯αµνω
µV ν +∇αΦ− V µ∇µΦ V
α + Γ−2∇αH = 0 . (37)
At the Newtonian limit, the V µ∇µV
α gives the classical term (~V · ~∇)~V and 2ǫ¯αµνω
µV ν gives the Coriolis term 2 ~ω× ~V ,
induced by the rotation of the observer O with respect to some inertial frame. The term ∇αH gives the classical
pressure term. Finally Φ reduces to the sum of the gravitational and centrifugal potentials [cf. Eq. (13)]
Φ
Newt.
−→ Φgrav −
1
2
(
~Ωorb × ~r
)2
, (38)
Φgrav being defined so that the gravitational field writes ~g = −~∇Φgrav.
In order to exhibit from Eq. (37) a first integral of motion, we shall write as much terms as possible under the form
of gradients. First, it can be seen easily that, similarly to the usual flat space formula, the following identity holds
V µ∇µV
α = ǫ¯αµν(∇ ∧ V )
µV ν +∇α
(
1
2
VµV
µ
)
, (39)
where we have introduced the curl of V α within the 3-space Π:
(∇ ∧ V )α := ǫ¯αµν∇
µV ν . (40)
Putting Eq. (39) into Eq. (37) and performing slight rearrangements results in
∇α(H +Φ+ lnΓ) + Γ
2 {ǫ¯αµν [(∇ ∧ V )
µ + 2ωµ]V ν + VµV
µP να ∇νΦ} = 0 , (41)
where
P βα := q
β
α −
VαV
β
VµV µ
(42)
is the projector onto the 2-space orthogonal to V α, i.e. orthogonal to the fluid lines with respect to O. Note that
in the case where the fluid is at rest with respect to O, P βα is not defined; however, the product VµV
µP βα which
appears in Eq. (41) remains well defined and is equal to zero. In the derivation of Eq. (41), use has been made of
Eq. (29) to replace the term ∇α(VµV
µ/2) coming from Eq. (39) by Γ−2∇α ln Γ.
D. Number of independent components
From the fundamental equation ∇µT
µα = 0, which has a priori four independent components, we have derived
two scalar equations [Eqs. (35) and Eqs. (36)] and one vectorial equation [Eq. (41)]. Equations (36) and (41) are not
independent: the former is a direct consequence of the latter, as seen easily by projecting (41) along V α. Moreover,
from its construction, (41) has only three independent components for it lies into the 3-planes Π orthogonal to vα.
We will take the scalar equation (35) and the vectorial equation lying in Π (41) as the fundamental equations to
be satisfied for our problem.
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IV. CONSTRAINT ON THE VELOCITY FIELD AND FIRST INTEGRAL OF MOTION
The only assumption underlying Eq. (41) is that the observer O, with respect to which the fluid velocity V α is
defined, has world lines parallel to the helicoidal Killing vector lα. Equation (41) is equivalent to the system
ǫ¯αµν [(∇ ∧ V )
µ + 2ωµ]V ν + VµV
µP να ∇νΦ = Γ
−2∇αG (43)
H +Φ + lnΓ +G = const. , (44)
where G is a scalar field defined at least in the stars’ world tubes. The relation (44) constitutes a first integral of
motion of the system.
A. The co-rotating case
Equation (43) is trivially satisfied in the case V α = 0 by taking G = const. The first integral of motion reduces
then to
H +Φ = const. (45)
This case is the co-rotating one (Ωspin = 0) mentioned in the introduction; it corresponds to synchronized binaries,
which are not expected to represent realistic close neutron star binaries, as discussed in Sect. I.
The first integral (45) follows directly from the fact that in the co-rotating case the fluid 4-velocity is parallel to a
Killing vector [41]: V α = 0 is indeed equivalent to uα = vα = e−Φlα [cf. Eq. (26)]. The integral (45) is well known in
the case of a single rigidly rotating star (see e.g. [42]). For the problem of the initial conditions of a binary coalescence,
it has been used by Nakamura & Oohara [13] (at the Newtonian approximation) and Baumgarte et al. [26–28].
B. Formulation of the problem in the general case
From now on, we suppose that V α 6= 0. By performing the vector product (with respect to ǫ¯αβγ) of Eq. (43) by
V α, one can see easily that Eq. (43) is equivalent to the system
V µ∇µG = 0 (46)
(∇ ∧ V )α = −2ωα − ǫ¯αµνVµ∇νΦ+ (Γ
2VσV
σ)−1ǫ¯αµνVµ∇νG+ F V
α , (47)
where
F :=
1
VνV ν
Vµ [(∇ ∧ V )
µ + 2ωµ] . (48)
The gravitational field being given, the problem of getting a solution amounts to finding a vector field V α and a
scalar field G such that the equations (35), (46) and (47) are satisfied. In Eq. (35), the scalar field n is that related
to the gravitational field, V and G by the first integral (44) via the EOS n = n(H). More precisely, let us consider
an iterative method for solving this problem. Let us suppose that at a given step, the gravitational field equations
have been solved; the potential Φ and the rotation vector ωα are then known. The enthalpy H can be then deduced
from the first integral (44), by taking for Γ and G the values at the previous step or making some extrapolation from
a few previous steps. The baryon density n is computed from H by means of the EOS. The system of equations (35),
(46) and (47) is then to be solved in V α and G. It is however not obvious that a solution exists in the general case.
What can be said is that in the Newtonian and incompressible case, solutions do exist and are constituted by S-type
Darwin-Riemann ellipsoids [43].
V. THE COUNTER-ROTATING CASE
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A. Definition
Let us focus on the interesting case of counter-rotating binaries. The concept of counter-rotation has to be defined
in the relativistic framework. We shall define it by requiring V α 6= 0 and the scalar field G introduced in Eqs. (43)-(44)
to be constant:
G = const. (49)
This definition is motivated by the fact that at the Newtonian limit3 it implies 1/2 (∇ ∧ V )α = −ωα, which is the
definition (1) of counter-rotation [cf Eq. (24)].
With the choice (49), Eq. (46) is trivially satisfied and Eq. (47) becomes
(∇ ∧ V )α = −2ωα − ǫ¯αµνVµ∇νΦ+ F V
α . (50)
B. 3+1 decomposition
From the numerical point of view, it is desirable to reduce the problem to the resolution of three-dimensional
equations. Now Eq. (50) involves 4-vectors: even if V α is spacelike and belongs to 3-planes orthogonal to vα, due
to the rotation of this latter, there exists no coordinate system in which V α would have only three non-vanishing
components. Therefore, we choose to recast Eq. (50) according to the 3+1 foliation of spacetime introduced in
Sect. II B. In this manner, we will consider only 3-vectors belonging to the spacelike hypersurfaces Σt. The first step
is to introduce the orthogonal decomposition with respect to Σt of the fluid velocity V
α with respect to the co-orbiting
observer:
V α =Wα + Znα , (51)
where
Wα = hαµV
µ and Z = −nµV
µ , (52)
where hαβ := gαβ + nα nβ is the orthogonal projector onto Σt, or equivalently, the 3-metric induced by gαβ in Σt.
Due to the orthogonality relation vµV
µ = 0, the scalar Z is not independent from Wα: by inserting Eqs. (12) and (7)
into vµV
µ = 0, one gets
Z = −
1
N
BµW
µ = −
1
N
BiW
i . (53)
In the last part of this equation, we have introduced Latin indices, which range from 1 to 3, whereas the Greek indices
range from 0 to 3. We will systematically do this in the following for all the tensor fields that lie in Σt, such the
vectors Bα and Wα. In this way the three-dimensional character of the equations will clearly appear.
The curl on the left-hand side of Eq. (50) is defined within respect to the alternating tensor ǫ¯αβγ , which is neither
parallel nor orthogonal to the (Σt) foliation. Let us introduce instead the alternating tensor ǫˆ
αβγ within the space
(Σt, hαβ) by
ǫˆαβγ := nµǫ
µαβγ . (54)
Inserting the identity ǫαβγδ = −4n[αǫˆβγδ] into the definition (21) of ǫ¯αβγ , we arrive at the following expression of ǫ¯αβγ
in term of ǫˆαβγ :
ǫ¯αβγ = e−Φ(Nǫˆαβγ − nαBµǫˆ
µβγ − nβBµǫˆ
µγα − nγBµǫˆ
µαβ) . (55)
Besides, we can express the four-dimensional covariant derivative of V α which appears in the curl of V α in terms
of the three-dimensional covariant derivative of Wα with respect to hαβ :
3Details about the Newtonian limit will be presented in Sect. VD.
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∇αVβ = ∇ˆαWβ − nαn
µ∇µWβ −KαµW
µnβ + nβ∇αZ − ZKαβ − Znα∇ˆβ lnN . (56)
A useful formula is that which gives the derivative along nα of any tensor field Xα (i) which lies in Σt and (ii)
which respects the heloicoidal symmetry (i.e. LlX
α = 0):
nµ∇µX
α =
1
N
(Bµ∇µX
α −Xµ∇µB
α)−KαµX
µ +
Xµ
N
∇ˆµN n
α . (57)
This formula can be used to express the derivative of Wα along nα which appear in the right-hand side of Eq. (56).
We can also apply it to Bα and get
nµ∇µB
α = −KαµB
µ +
Bµ
N
∇ˆµN n
α . (58)
By combining Eqs. (40), (56), (55) and (57), we arrive at the 3+1 decomposition of (∇ ∧ V )α:
(∇ ∧ V )α = e−Φǫˆαµν
[
N∇ˆµWν +
Bµ
N
(
Bσ∇ˆσWν −W
σ∇ˆσBν
)
− Z
Bµ
N
∇ˆνN +Bν∇ˆµZ − 2K
σ
µ WσBν
]
−e−Φ nα ǫˆλµνBλ∇ˆµWν . (59)
The term with ǫˆαµν in factor is parallel to the hypersurface Σt (because ǫˆ
αµν is), whereas the second term is along
nα.
Similarly Eqs. (22), (12), (7), (55) and (58) leads to the 3+1 splitting of the rotation vector ωα:
ωα = e−2Φ ǫˆαµν
[
−
N
2
∇ˆµBν −Bµ∇ˆνN +K
σ
µ BσBν
]
+
e−2Φ
2
nα ǫˆλµνBλ∇ˆµBν . (60)
We also need to perform the 3+1 decomposition of the second term on the right-hand side of Eq. (50). The result
is
ǫ¯αµνVµ∇νΦ = e
−Φ ǫˆαµν
[
NWµ∇ˆνΦ + ZBµ∇ˆνΦ−
Bσ
N
∇ˆσΦWµBν
]
− e−Φ nα ǫˆ
λµνBλWµ∇ˆνΦ . (61)
Thanks to Eqs. (59), (60) and (61), the orthogonal projection of Eq. (50) onto the hypersurfaces Σt is straightforward
and leads to the three-dimensional equation
ǫˆijk
[
N∇ˆjWk +
Bj
N
(
Bl∇ˆlWk −W
l∇ˆlBk
)
− Z
Bj
N
∇ˆkN +Bk∇ˆjZ − 2K
l
j WlBk
]
=
ǫˆijk
[
e−Φ
(
N∇ˆjBk + 2Bj∇ˆkN − 2K
l
j BlBk
)
−NWj∇ˆkΦ− ZBj∇ˆkΦ +
1
N
WjBkB
l∇ˆlΦ
]
+ eΦ F W i . (62)
The baryon number conservation equation (35), once recast in terms of three-dimensional quantities with the help
of Eq. (56), writes
∇ˆiW
i +W i∇ˆi ln(NΓn) +
Z
N
Bi∇ˆi ln(ZΓn) = 0 . (63)
A boundary condition on W i can be derived by multiplying this equation by n and setting n = 0 (definition of the
star’s surface) into the result. One obtains, using Eq. (53),(
W i −
BiBjW
j
N2
)
∇ˆi n
∣∣∣∣
surface
= 0 . (64)
The equations to be solved are the three-dimensional vector equation (62) and the scalar equation (63), altogether
with the boundary condition (64). Note that once Eq. (62) is satisfied, the other part of the four-dimensional
equation (50), namely the part along nα, is automatically fulfilled. Indeed, the projection of Eq. (50) along nα leads
to [cf. Eqs. (59), (60), (61) and (53)]
ǫˆijkBi∇ˆjWk = e
−ΦǫˆijkBi∇ˆjBk − ǫˆ
ijkBiWj∇ˆkΦ+
1
N
BiW
i F , (65)
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which is nothing else than the orthogonal projection of Eq. (62) onto Bi.
Referring to the discussion in Sect. III D, we conclude that if a 3-vectorW i of Σt obeying Eqs. (62) and (63) can be
found, the problem is completely resolved. Note that the baryon density n which appears in Eq. (63) is given via the
EOS by the log-enthalpy H , itself being fully determined (for a fixed gravitational field) by W i via the first integral
of motion (44), which becomes in the counter-rotating case
H +Φ+ lnΓ = const. , (66)
where [cf. Eqs. (29) and (51)]
Γ = (1−WiW
i + Z2)−1/2 . (67)
C. Formulation in terms of Poisson equations
The equations to be solved, namely Eqs. (62) and (63), can be recast into Poisson equations by looking for solutions
under the form
W i = ǫˆijk∇ˆjAk + ∇ˆ
iψ , (68)
where ψ is a scalar field and Ai is a 3-vector of Σt, which without any loss of generality can be taken to be divergence-
free :
∇ˆiA
i = 0 . (69)
This latter property implies that the curl of W i is related to the Laplacian of Ai by
ǫˆijk∇ˆjWk = −∇ˆj∇ˆ
jAi + Rˆi jA
j , (70)
where Rˆij is the Ricci tensor of the 3-metric hij of Σt. Inserting Eq. (70) into Eq. (62) leads to the following vector
Poisson equation for Ai:
∇ˆj∇ˆ
jAi = ǫˆijk
{
− e−Φ
(
∇ˆjBk + 2
Bj
N
∇ˆkN −
2
N
K lj BlBk
)
+Wj∇ˆkΦ+
1
N
[
ZBj∇ˆkΦ−
1
N
WjBkB
l∇ˆlΦ
+
Bj
N
(
Bl∇ˆlWk −W
l∇ˆlBk
)
− Z
Bj
N
∇ˆkN +Bk∇ˆjZ − 2K
l
j WlBk
]}
−
eΦ F
N
W i + Rˆi jA
j . (71)
The divergence of W i evaluated from Eq. (68) is
∇ˆiW
i = ∇ˆi∇ˆ
iψ +
1
2
ǫˆijkRˆklijA
l , (72)
where Rˆklij is the Riemann tensor associated with the 3-metric hij . By virtue of the symmetry properties of the
Riemann tensor in three dimensions, the last term on the right-hand side of Eq. (72) vanishes identically, so that the
divergence of W i is simply the Laplacian of ψ and Eq. (63) becomes
∇ˆi∇ˆ
iψ = −W i∇ˆi ln(NΓn)−
Z
N
Bi∇ˆi ln(ZΓn) . (73)
D. Newtonian limit
In the Newtonian limit, Φ takes the form (38) and ωα becomes [cf. Eq. (24)]
ωα
Newt.
−→ ~Ωorb . (74)
The rotating-coordinate shift vector Bα reduces to Bα = −Ωorbm
α [cf Eq. (8)], so that Eq. (71) becomes
11
∆ ~A = 2 ~Ωorb , (75)
whose divergence-free solution is
~A =
1
2
(~ez × ~r)
2 ~Ωorb , (76)
where ~ez := ~Ωorb/Ωorb. Finally, Eq. (73) becomes
∆ψ = −~V · ~∇ lnn . (77)
Once this equation is solved, the fluid velocity field with respect to the co-orbiting observer is computed by taking
the curl of (76) :
~V = −~Ωorb × ~r + ~∇ψ . (78)
This is the solution obtained by Bonazzola & Marck [32].
VI. DISCUSSION
A. Iterative method of resolution
The resolution of the problem amounts to solving the vector Poisson equation (71) for Ai and the scalar Poisson
equation (73) for ψ, with the boundary condition (64) at the surface of each star. These equations involve Laplacian
with respect to the curved 3-metric hij , so that even if the right-hand of the equations is supposed to be known (e.g.
from a previous step in an iterative method), the numerical solution is not straightforward. A technique which has
shown to be successful consists in introducing on Σt a flat 3-metric h¯ij and decomposing the operators into flat-space
ordinary Laplacians plus curvature terms [44,45].
With this technique, the following iterative method can be envisaged to get counter-rotating binary neutron star
configurations. The starting point of the procedure can be very crude approximations such as constant density
spherical stars with W i = 0 and a flat spacetime metric. At a given step, the gravitational field equations are to be
solved4, leading to new values for the functions N , hij , Kij , B
i and Φ [via. Eq. (13)]. The first integral of motion
Eq. (66) yields then to the value of the log-enthalpy H throughout the stars. The Lorentz factor Γ which appears in
the first integral is to be evaluated by inserting the previous step values ofW i in Eq. (67). From H the baryon number
density n is computed by means of the EOS and inserted in the right-hand side of the scalar Poisson equation (73).
In this right-hand side, as well as in the right-hand side of the vector Poisson equation (71), the value of W i is to be
taken from the previous step. This is of course also the case of the functions of W i: Z [deduced from W i by Eq. (53)]
and F [deduced from W i by Eq. (48)]. The Poisson equations (73) and (71) are then to be solved respectively for ψ
and Ai. The solutions are obtained up to the addition of harmonic functions. These latter are determined in order
that the boundary condition (64) is fulfilled. The vector field W i is deduced from the obtained values of ψ and Ai
via Eq. (68) and a new iteration may begin.
Of course, we do not have any theorem about the convergence of this iterative procedure. All that we can say
is that similar schemes have been applied successfully to the computation of axisymmetric [42] and triaxial [41,45]
models of single neutron stars and that in the axisymmetric case, a rigorous proof of convergence has been recently
given by Schaudt & Pfister [46].
B. Conclusion
Before the inner most stable orbit is reached, the evolution of a binary system of neutron stars can be approximated
by a sequence of quasi-equilibrium configurations. For each of these configurations, the spacetime possesses the
helicoidal symmetry discussed in Sect. II A. The hydrodynamical part of the problem is then trivial in the case
4Although the gravitational field equations are not discussed in the present paper, let us note that thanks to Eq. (10), the
momentum constraint equation can be expressed as a three-dimensional vector Poisson equation for Bi.
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of synchronized binaries, because of the existence of the first integral of motion (45), which means that once the
gravitational field is known, the matter distribution in the stars is obtained immediately. However realistic neutron
star binaries on the verge of coalescence are not synchronized but rather in counter-rotation. In this case, the velocity
field inside the stars with respect to the co-orbiting observer is not zero and has to be computed so that the Euler
equation (37) is satisfied. We have presented a formalism which reduces the problem of finding this velocity field
to the resolution of three-dimensional scalar and vector Poisson equations. We are currently applying the numerical
techniques we have recently developed for solving such equations with spherical-type coordinates [44,45] in order to
get numerical models. We will present the results of this work in a future article.
The formulation presented in this article is independent of any prescription for solving the gravitational field
equations (Einstein equations). It simply relies on the assumption of the spacetime helicoidal symmetry and can be
used in conjunction with any set of equations for the gravitational field, such as the Wilson & Mathews’ scheme [38,25]
or the 2-PN scheme recently proposed by Asada & Shibata [47]. Note that both schemes involve nothing else but
the resolution of Poisson type equations, so that the method that we propose do not require a numerical technique
specific to the hydrodynamical equations.
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FIG. 1. Spacetime foliation Σt, helicoidal Killing vector l
α and its trajectories xi
′
= const, which are the worldlines of
the co-orbiting observer (4-velocity: vα). Also shown are the rotating-coordinate shift vector Bα and the unit future-directed
vector nα, normal to the spacelike hypersurface Σt.
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